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A graphene bilayer is known to perfectly reflect normally incident electrons due to their chiral-
ity. This is similar to Klein tunneling, which, in a monolayer, is instead responsible for perfect
transmission at normal incidence. Stacking defaults turn each parabolic band crossing of a bilayer
into pairs of Dirac cones. Here we show that, surprisingly, a stacking default (or shift) in a bilayer
can result in perfect transmission at normal incidence as a result of Fabry-Pe´rot type resonances
at zero-energy. These constructive interferences only happen for a specific orientation of the Dirac
cones with respect to the incident electron and for quantized values of their separation in reciprocal
space. Our results provide a way to control transmission resonances in undoped graphene bilayer
structure by adjusting the layer stacking.
I. INTRODUCTION
Since the first experimental study of a graphene
bilayer1,2, a continuously growing interest has been de-
voted to both fundamental properties and possible appli-
cations of stacks of few graphene layers. Two graphene
layers generally stack over the common AB or Bernal
stacking configuration (see below). Recently, it has been
reported that several types of stacking defects can oc-
cur in natural and synthetic graphene bilayer systems3–9.
For instance, chemical vapor deposition (CVD) growth of
two graphene layers on metals and on the carbon face of
the SiC substrates reveals natural stacking faults origi-
nating from a rotational mismatch by some twist angle
between the two layers as compared to the perfect AB-
stacked bilayer10. It has also been possible to produce
such rotationally faulted bilayers using different meth-
ods such as folding of mechanically exfoliated graphene
samples11, segregation on Ni films12 and unzipping of
carbon nanotubes13. Additionally, lateral translations of
one layer with respect to the other14,15 or the application
of homogenous mechanical strain along some direction16
in bilayer graphene are also considered as stacking defects
compared to the perfect AB stacking.
Several recent studies address the physics of such
twisted, strained or slided bilayer graphene and reveal
intriguing properties such as the observation of two sym-
metric low-energy van Hove singularities in the density
of states with positions tunable by the relative angle be-
tween layers6,7, the renormalization of Fermi velocity for
the twisted bilayer17,18 and the possibility of employ-
ing strain to annihilate two among four Dirac points16.
These structural deformations have in common that they
produce a change in the topology of the band structure
at low-energy and are all described by a constant shift
(a complex number with energy dimension) in the low-
energy AB bilayer Hamiltonian16,17,19–22.
Understanding the effects of such a shift on the
graphene bilayer properties attracted immediately a lot
of theoretical and experimental interest. The low-energy
dispersion of such stacking faulted graphene bilayer,
named hereafter shifted graphene bilayer (SGB), can be
represented by two mini Dirac cones in each valley sepa-
rated by a wavevector that depends on the precise stack-
ing defect. Such a system is very different from both the
AB bilayer and the monolayer. As they strongly affect
the electronic band structure and hence transport prop-
erties, stacking defects could therefore be used to tailor
graphene based devices.
From the point of view of transport properties, one
of the most counter-intuitive and unexpected phenom-
ena predicted and observed in graphene monolayer is the
Klein tunneling effect23, in which normally incident elec-
trons move across a potential barrier with certainty re-
gardless of the height and the width of the barrier. It
has been reported that, in contrast with the monolayer
case, where the complete transmission takes place ex-
actly at normal incidence23–25, the complete transmis-
sion through a potential barrier in AB graphene bilayer
occurs for some finite incident angles23,26,27. These reso-
nances corresponding to a maximum transmission prob-
ability were studied in-depth for the monolayer in Ref.
28 and for the AB-graphene bilayer in Ref. 27. Two
different kinds of resonance have been found: (i) evanes-
cent waves resonances and (ii) Fabry-Pe´rot resonances.
First, evanescent waves resonances are a characteris-
tic property of graphene devices whose quasi-particles
are chiral and occur at either zero or finite energy in
monolayer at normal incidence (this is known as Klein
tunneling)23,28. This type of resonances also happens in
perfect AB bilayers for quasi-particles with finite (i.e.
non-normal) incidences36 but only at zero energy26,27.
2Second, Fabry-Pe´rot resonances originate from construc-
tive interferences of multiple reflected propagating waves
between double interfaces. They occur only at non-zero
energy in either the monolayer or the bilayer27,28. They
have been observed recently in ballistic and coherent sus-
pended monolayer devices29.
Understanding and controlling electron transmission
resonances in SGB is therefore of importance. In the
present work, we will be interested mainly in the effect
of a shift on the transmission resonances through a poten-
tial barrier in undoped SGB. The paper is organized as
follows. In section II, we briefly review the effective two-
band low energy Hamiltonian of the SGB and discuss the
validity of the description that is to be used in the follow-
ing sections. In section III, we present the transmission
probability calculations through a zero-energy SGB for
different stacking configurations corresponding to a pos-
itive, a negative or an arbitrary complex shift. Section
IV suggests an experimental implication of our results.
Conclusions are given in section V.
II. SHIFTED BILAYER HAMILTONIAN
The AB-bilayer graphene (BG) can be viewed as two
honeycomb lattices on top of each other (see Fig.1(a)).
Each layer consists of two non-equivalent sublattices with
atoms A1(2), B1(2) in the bottom (top) layer. These
Bernal stacked layers have each A site surrounded by
three B sites, within each layer, with intralayer hopping
amplitude γ0 ≈ 3eV . The A2 atoms are placed just above
the B1 ones with interlayer coupling γ1 ≈ 0.4eV whereas
sites A1 and B2 are placed over the hexagons in the other
layer and are coupled by a hopping energy γ3 ≈ 0.3eV .
Such a stacking order gives rise to a band structure con-
taining two parabolic “low-energy” bands touching in the
Brillouin zone corners K and K ′ and two “high-energy”
bands split by the energy ±γ1. For energies lower than
γ1, the Hamiltonian of the perfect AB-bilayer graphene
around the K Dirac point is given by the following effec-
tive two-band Hamiltonian2:
HAB = hAB + hTW (1)
where the isotropic part:
hAB = − 1
2m∗
(
0 Π†2
Π2 0
)
(2)
and the trigonal warping part:
hTW = v3
(
0 Π
Π† 0
)
. (3)
This Hamiltonian HAB acts on the spinor Ψ =
(
Ψ1
Ψ2
)
, Ψ1
and Ψ2 being the wave function at the sites A1 and B2
respectively. Here Π = px+ipy (px,y = −i~∂x,y) refers to
the in-plane complex momentum operator, m∗ =
γ1
2v2
0
≈
0.035me is the effective mass in the quadratic dispersion,
where me is the bare electron mass, v0 =
3
2
γ0a
~
is a char-
acteristic velocity (that of massless Dirac fermions in a
graphene monolayer), and v3 =
3
2
γ3a
~
is a velocity ac-
counting for trigonal warping and which originates from
the orbital overlap between A1 and B2 (a ≈ 0.142 nm
is the interatomic distance). The Hamiltonian in the K ′
valley is obtained from that in the K valley via the sub-
stitution Π → −Π†. In the following, we consider intra-
valley effects and for simplicity restrict ourselves to the
K valley.
Recent works16,17,19–21 have shown that a change in the
stacking order of the AB-bilayer graphene affects drasti-
cally the low-energy electronic structure of the device and
may be taken approximatively into account by adding to
the AB-bilayer Hamiltonian HAB a constant energy shift
∆:
h∆ =
(
0 ∆
∆∗ 0
)
(4)
which is generically a complex number, which we write:
∆ = |∆| e2iθ .
Below, we briefly review different stacking defaults –
twist, slide, strain, etc – of the perfect AB bilayer leading
to SGB.
References 17,19–21 have studied the twisted bilayer.
They predicted that starting from the perfect AB-bilayer
graphene and rotating the upper layer by some small
twist angle Θ with respect to the lower one affects sig-
nificantly the interlayer hopping γ1 (see Fig.1(b)). This
yields in the reciprocal space a change in the orienta-
tions of the Brillouin zones of the two separate monolay-
ers: the Dirac point at K in the lower layer no longer
coincides with that at KΘ in the rotated upper layer.
There is a shift in the momentum space by a wave vector
∆K = 2| ~K| sin Θ2 ; where | ~K| = 2pi3a . In such a case, the
energy shift is:
∆ ∝ (∆K)2 ≈ | ~K|2Θ2 .
In the case of a translational mismatch, Y.W. Son et al.22
demonstrated that sliding one graphene layer against the
other layer along a vector ~ds = (dx, dy) results in an
energy shift:
∆ ∝ dy − idx .
For the case of strained graphene, M. Mucha-Kruszynki
et al.16 predicted that a homogeneous lateral strain ap-
plied to the perfect AB graphene bilayer induces two
Dirac mini-cones instead of the quadratic low-energy dis-
persion. Such deformation affects the hopping parame-
ters γ0 and γ3 which become dependent on the direction
of the strain. Using a tight binding model one finds that
the constant energy shift added to HAB has the form
∆ = |∆| e2iθ where (−θ) is the angle between the prin-
cipal axis of the strain tensor and the crystallographic
3FIG. 1: (Color online) Top view of a perfectly AB-stacked (Left: (a)) and rotationnaly faulted (Right: (b)) bilayer graphene
crystal. The top layers are shown in (Pink,Cyan) colors and the bottom layers are shown in (Gray,White) colors. Hopping
parameters γ0,γ1 and γ3 are depicted in the top left panel.
direction of the crystal and |∆| = (34 )(η3 − η0)γ3(δ − δ′)
with η0,3 =
d ln γ0,3
d lna . Here δ and δ
′ are the two principal
values of the strain tensor. Eventually, we mention that
adding a constant shift to the unperturbed Hamiltonian
of BG could also describe the nematic state of an inter-
acting AB graphene bilayer in a mean-field treatment of
the spontaneous symmetry breaking30.
Throughout this work, we restrict ourselves to study
deformations (or shifts) large enough to neglect the trig-
onal warping term i.e.
γ20
γ1
(
|∆|
γ3
)2 ≫ m∗v23 ∼ γ1(
γ3
γ0
)2 (5)
which means:
|∆| ≫ γ3 γ1
γ0
. (6)
Therefore the low energy dispersion of the SGB that we
consider in the following is given by the effective two-
band continuum Hamiltonian
H ≃ hAB + h∆ (7)
where ∆ is an arbitrary complex energy shift. For later
convenience, one introduces the parameter α =
√
2m∗|∆|
~2
.
In the following, the energy shift ∆ = |∆| e2iθ =
~
2
2m∗
α2e2iθ is parameterized by (α, θ), where α corre-
sponds to the momentum shift – it is half the distance
between the two Dirac points in momentum space – and
the phase θ indicates the direction whereby the two Dirac
points are separated in momentum space. Varying θ on
[0, π], the complex energy shift ∆ sweeps between two
limiting values: positive real energy shift (Dirac points
separated along kx-direction in momentum space) and
negative real energy shift (Dirac points separated along
ky-direction in momentum space).
Solving for the general spectrum of the Hamiltonian in
Eq. (7) in the case of an arbitrary complex energy shift
∆(α, θ) one finds two energy bands given by:
ε = ± ~
2
2m∗
√
(k2x − k2y − α2 cos(2θ))2 + (2kxky + α2 sin(2θ))2 (8)
The dispersion relation of the SGB (Eq. (8)) is plotted
in Fig. 2. It consists of two Dirac cones separated by
2α along the kx-direction in the case of a positive energy
shift (see Fig. 2(a)) and along the ky-direction for a
negative energy shift (see Fig. 2(b)). In the generic case,
the two Dirac cones make an angle θ with the kx axis
(see Fig. 2(c)).
The location of the two Dirac points and the distance
between them in the momentum space are expected to
have crucial effect on the transport properties of the
shifted bilayer device. In the following section, we ad-
dress the effect of the shift on the transmission of charge
carriers across an undoped graphene bilayer structure
connected to reservoirs via interfaces at x = 0 and x = L
(see Fig. 3). The two terminal device is such that the
angle θ controls the orientation of the direction connect-
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FIG. 2: (Color online) Top: Evolution of the low-energy band structure of the shifted graphene bilayer around the K valley as
a function of the orientation of the two Dirac cones as controlled by θ and for a fixed momentum shift α (the energy shift is
∆ = ~
2
2m∗
α2ei2θ): (a) θ = 0 (left panel), (b) θ = π/2 (central panel) and (c) 0 < θ < π/2 (right panel). Bottom: Corresponding
positions of the two Dirac points and iso-energy curves in momentum space (kx, ky) close to a single valley.
ing the two Dirac points with respect to the interface
between the reservoirs and the “system” made of an un-
doped shifted graphene bilayer. When θ = π/2 (resp. 0)
the direction connecting the two Dirac points is parallel
(resp. perpendicular) to the interfaces (at x = 0 and
x = L). We discuss separately the case of transmission
through potential barrier with Dirac cones in series along
the free direction of propagation (which corresponds to
∆ > 0, i.e. θ = 0), lateral Dirac cones (corresponding
to ∆ < 0, i.e. θ = π/2) and then the general case of
an arbitrary orientation of the two cones (∆ ∈ C, i.e.
intermediate θ between 0 and π/2).
III. TRANSMISSION PROBABILITY OF A
SHIFTED GRAPHENE BILAYER
A. Model
In order to explore the effect of an arbitrary shift on
electronic transmission in undoped graphene bilayer, we
use a setup similar to that of Refs.24–27, sketched in Fig.
3. We consider a two-terminal strip geometry of length
Lx along the longitudinal x direction and width Ly along
the transversal y direction (Lx ≪ Ly), assuming that the
sample is connected at x = 0 and x = Lx with leads
(reservoirs) made out of strongly n-doped graphene bi-
layer. The doping can be thought to be controlled by an
external gate which induces a potential profile along the
x-direction as follows:
V (x) =
{
0 if 0 ≤ x ≤ Lx
−V0 otherwise
(9)
where V0 = −εF ≃ −~
2k2F
2m∗
when V0 ≫ |∆|. The potential
step is sharp but is assumed to vary over a length scale
larger than the in-plane interatomic distance and smaller
than the electron wavelength so that it does not induce
intervalley scattering of electron across the potential bar-
rier. We assume that an incident electron is coming from
negative x and is essentially moving towards positive x.
To solve the above tunneling problem, we first identify
the solutions of the Schro¨dinger equation in the various
regions of the device.
Due to the translational invariance along the y di-
rection, we search for solutions proportional to eikyy
and choose periodic boundary conditions such that ky
is quantized as ky = 2πN/Ly, N = 0,±1,±2, . . .. The
energy dispersion in the leads is almost parabolic (V0 ≫
|∆|), so that the leads can be described by heavily doped
perfectly stacked AB bilayer, and the shift can be ne-
glected in the reservoirs. In the case of a graphene bi-
layer, the wave functions outside the potential barrier in-
clude both propagating and evanescent waves solutions
of the Schro¨dinger equation23,26, so that:{
Ψ1(x, y) = (e
ikF x + re−ikF x + EekFx)eikyy
Ψ2(x, y) = (e
ikF x + re−ikF x − EekFx)eikyy (10)
for x < 0{
Ψ1(x, y) = (te
ikF (x−Lx) + Fe−kF (x−Lx))eikyy
Ψ2(x, y) = (te
ikF (x−Lx) − Fe−kF (x−Lx))eikyy (11)
for x > Lx, where r, t, E and F are yet unknown complex
coefficients. To identify the wave functions inside the
potential barrier (0 < x < Lx) where the shifted bilayer
is undoped, we solve the eigenvalue equation with zero
energy HΨ = 0 . The two components of Ψ satisfy the
following equations:{
[( ∂
∂x
+ i ∂
∂y
)2 − αe−iθ]Ψ1 = 0
[( ∂
∂x
− i ∂
∂y
)2 − αeiθ]Ψ2 = 0 (12)
For an arbitrary complex energy shift ∆(α, θ), the general
solutions of these equations is given by:
5✻
✲
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FIG. 3: Potential profile in the shifted bilayer device (with ∆ ∝ α2 > 0) in the longitudinal direction x. The regions outside
[0, Lx] are strongly n doped (V0 ≫ |∆|) and correspond to reservoirs (or leads), whereas the central region is undoped (the
Fermi level is at the charge neutrality point, i.e. the Dirac points).
{
Ψ1(x, y) = [A exp(kyx+ ie
−iθαx) +B exp(kyx− ie−iθαx)]eikyy
Ψ2(x, y) = [C exp(−kyx+ ieiθαx) +D exp(−kyx− ieiθαx)]eikyy (13)
Here A,B,C,D,E and F are complex constants, r is the
reflection amplitude and t the transmission amplitude.
The two limits θ = 0 and θ = pi2 correspond to positive
(∆ > 0) and negative (∆ < 0) shift, respectively. Note
that, when θ = 0, the wave function in Eq. (13) is a mix-
ture of α-oscillating and ky-evanescent waves, whereas,
for θ = pi2 the solutions in Eq. (13) contain only evanes-
cent waves.
To find the transmission coefficient through barrier, we
require the continuity of both components of the wave
function and their derivatives at x = 0 and x = Lx ,
which yields eight equations for the eight unknown coef-
ficients: 

1 + r + E = A+B
1 + r − E = C +D
i− ir + E = a1A+ b1B
i− ir − E = c1C + d1D
t+ F = a2A+ b2B
t− F = c2C + d2D
it− F = a1a2A+ b1b2B
it+ F = c1c2C + d1d2D
(14)
where a1 =
ky+ie
−iθα
kF
, b1 =
ky−ie
−iθα
kF
, c1 =
−ky+ie
iθα
kF
,
d1 =
−ky−ie
iθα
kF
and a2 = exp(kFLxa1), b2 =
exp(kFLxb1), c2 = exp(kFLxc1), d2 = exp(kFLxd1). We
solve these equations for the transmission amplitude t
(see below). The total transmission probability T can be
directly found from the transmission amplitude using the
relation T = |t|2.
In the following sections, we focus on the effect of the
incidence angle (as controlled by ky) and the stacking
defect (as parameterized by α and θ) on the zero-energy
transmission probability. We first study the situation
where the two Dirac cones are hit in succession (θ = 0),
then when they are approached in parallel (θ = π/2) and
finally consider an intermediate case (0 < θ < π/2).
B. Transmission for Dirac cones in succession
In this Section we present our main result, namely the
transmission across an undoped SGB strip in the case of a
stacking defect defined by a positive energy shift ∆(α, 0),
which corresponds to the two Dirac points being hit in
succession by an incident electron (see Fig. 2(a)). The
linear system of equations (14) is solved for the transmis-
sion amplitude t which is found to be:
t =
2ikFLxsinc(αLx) cosh (kyLx)[1− ( αkF )2 − (
ky
kF
)2 + 2 cos (αLx)
kFLxsinc(αLx)
]
2i cos2 (αLx)− (k
2
y+α
2+ik2
F
)2L2x
k2
F
sinc2(αLx) + 2(1− i) (k
2
y+α
2+ik2
F
)Lx
kF
sinc(2αLx) + 2i cosh
2 (kyLx)
(15)
The transmission amplitude t remains invariant under
ky → −ky meaning that the transmission probability
T = |t|2 is symmetric with respect to normal incidence.
6Figure 4 shows a contour plot of the transmission proba-
bility T = |t|2 as a function of the momentum shift αLx
and the transverse momentum kyLx (controlling the in-
cidence angle in the vicinity of normal incidence).
FIG. 4: (Color online) Contour plot of the transmission prob-
ability T of the shifted bilayer with ∆(α, θ = 0) as a function
of the momentum shift αLx and of the perpendicular mo-
mentum kyLx. The doping of the reservoirs is taken such
that kFLx = 200.
For a given transverse momentum ky, the transmission
T is an oscillating function of the momentum shift α with
a period π/Lx. Examples of cuts in the (αLx, kyLx)-
contour plot of T along different fixed values of α mo-
mentum then along different fixed values of ky momen-
tum are plotted in Fig. 5 and Fig. 6.
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FIG. 5: (Color online) Transmission probability of the shifted
bilayer with ∆(α, θ = 0) as a function of the perpendicular
momentum kyLx for three different values of the momentum
shift αLx = 0 (dotted magenta), π (dot-dashed cyan) and
5π/2 (dashed red). The doping of the reservoirs is taken such
that kFLx = 200.
From Fig. 5, one can see that for a given momentum
shift α the transmission probability exhibits pronounced
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FIG. 6: (Color online) Transmission probability of the shifted
bilayer with ∆(α, θ = 0) as a function of the shift αLx for
four fixed values of the perpendicular momentum: kyLx = 0
(large-dashing magenta), 3 (dotted cyan), 5 (dot-dashed red)
and 6 (thick green). The doping of the reservoirs is taken
such that kFLx = 200.
peaks at some transverse momentum ky or equivalently
at some incidence angles, where the barrier becomes per-
fectly transparent. These peaks are transmission res-
onances. The transmission T depends sensitively not
only on the incidence angle but also on the momentum
shift: the form, the position and the number of resonance
peaks vary with the stacking configuration of the bilayer
graphene device. When looking at the form and the num-
ber of peaks (see Fig. 5), one can distinguish two kinds of
resonant behavior for the transmission probability T de-
pending on whether the dimensionless momentum shift
is quantized as αLx = mπ, where m is a positive integer,
or not αLx 6= mπ. Starting from a stacking configuration
where the momentum shift αLx = mπ, as shown in Fig.
4, there is one wide resonance peak which occurs exactly
at normal incidence i.e ky = 0. However, this unique
resonance peak splits into two narrow peaks as the mo-
mentum shift increases and differs from mπ. These res-
onance peaks first separate when increasing αLx before
approaching each other and meeting again at normal in-
cidence when αLx = (m+ 1)π.
In Fig. 6, we plot the variation of the transmission
probability in terms of the momentum shift αLx for fixed
values of kyLx. It is obvious that one should distinguish
two kinds of transmission peaks, that are of different na-
ture. The first kind occurs at normal incidence kyLx = 0
(dashed large magenta in Fig. 5), has a π-periodicity in
αLx and features narrow resonances of perfect transmis-
sion. The second kind occurs at oblique incidence (dot-
ted cyan and dot-dashed red in Fig. 6), do not have a π
periodicity, correspond to wider resonances of maximum
probability. Also, depending on the incidence angle, the
number of resonance peaks with unit transmission proba-
bility varies. Beyond a critical value of kyLx, i.e incidence
angle, the transmission probability decreases and trans-
mission resonances do not reach T = 1 anymore (thick
7green in Fig. 6). Eventually, for even larger incidence an-
gles, particles are totally reflected (see Fig. 4 and Fig. 6).
Thus, for fixed incidence angles, transmission resonances
could be controlled by tailoring the stacking defect.
To elucidate the effect of the shift on the transmission
resonances across undoped graphene bilayer and to give
a deeper understanding of the origin of these resonances,
it is instructive to compare the angular dependence of
SGB to that of AB- bilayer26. Accordingly, we consider
the limit of highly doped leads (kF ≫ ky ,α,L−1x ) and a
straightforward algebra yields to the analytical expres-
sion of the transmission amplitude t:
t =
{
2ikFLx cosh(kyLx)sinc(αLx)
k2
F
L2xsinc
2(αLx)+2i cosh2(kyLx)
for αLx 6= mπ
(−1)m 2 cosh(kyLx)
cosh2(kyLx)+1
for αLx = mπ
(16)
Note that the transmission amplitude corresponding to a
vanishing shift, i.e αLx → 0 in the first line, reproduces
the one obtained in Ref. 26. The resonance occurs at a
finite incidence given by kyLx ≃ ln(
√
2kFLx) (in a mono-
layer, resonance occurs at normal incidence ky = 0). A
comparaison of the kyLx dependence of the transmission
probability across the SGB strip with the perfect AB
graphene bilayer and the monolayer is depicted in Fig.
7 (the three systems are assumed to be undoped). The
location of the transmission resonance across the SGB
is controlled by the momentum shift α (see below). In
particular for a SGB with αLx = mπ, there is a unique
transmission resonance at normal incidence, which con-
trasts strongly with the AB bilayer. In addition the an-
gular dependence T (ky) close to ky = 0 is also different
from the monolayer (see Fig. 7).
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FIG. 7: (Color online) Comparison of the transmission proba-
bility as a function of the perpendicular momentum kyLx for
the shifted bilayer with ∆(α, θ = 0) (thick green for αLx =
5pi
2
and dot-dashed cyan for αLx = π), the monolayer
24(dotted
magenta) and the perfect AB bilayer26 (large-dashing red,
corresponding to αLx = 0). The doping of the reservoirs is
taken such that kFLx = 200.
Equations (16) shows that the transmission T = 1 oc-
curs at:
kyLx ≃
{
ln(
√
2kFLxsinc(αLx)) for αLx 6= mπ
0 for αLx = mπ
(17)
This allows one to get some insight into the two dis-
tinct kinds of resonances, which can be understood as
follows. For a stacking configuration of the SGB where
αLx 6= mπ, the zero-energy transmission resonances oc-
cur at oblique incidence: kyLx ≃ ln(
√
2kFLxsinc(αLx)).
Adjusting the value of the momentum shift α, the in-
cidence angle of the resonances moves closer to nor-
mal incidence. These tunable resonances are due to
evanescent waves (quantum tunneling) and are related
to the Klein tunnel effect. They are also similar to those
observed in the undoped perfect AB-bilayer graphene
where the resonant transmission direction is given by26
kyLx ≃ ln(
√
2kFLx), which indeed corresponds to Eq.
(17) when α = 0.
If αLx = mπ, with m a positive integer, perfect trans-
mission occurs at normal incidence, i.e ky = 0. This is
a surprising feature of normally incident chiral fermions
across undoped (zero energy) bilayer graphene structure.
Indeed in AB stacked bilayer, normal incidence corre-
sponds to perfect reflection23. These resonances behave
differently from all other known transmission resonances
in graphene devices. They occur at zero energy ε = 0, for
a quantized momentum shift αLx = mπ and at normal
incidence ky = 0. Injecting these three relations in the
dispersion relation Eq. (8) for θ = 0 gives the following
resonance condition:
kxLx = mπ .
This is just the familiar condition on the wavelength
λ = 2Lx/m usually associated to Fabry-Pe´rot reso-
nances. These resonances originate from the constructive
interference of the oscillating waves inside the barrier in
between the two reservoirs. The potential barrier can be
assimilated to a cavity made of two interfaces (at x = 0
and at x = Lx) as in the well-known optical Fabry-Pe´rot
interferometer.
In previous theoretical works on resonant transmission
at zero-energy in graphene structures, evanescent waves
resonances have been found to occur at normal incidence
for the monolayer and at oblique incidence for the bi-
layer. Whereas Fabry-Pe´rot resonances were found for
non zero energy and at oblique incidence in both struc-
tures. The observation of Fabry-Pe´rot resonance at zero
energy and normal incidence constitute a striking effect
of the shift on the bilayer graphene and the main result of
the present paper. Note, in particular, that in a graphene
monolayer, Fabry-Pe´rot resonances can not occur at nor-
mal incidence due to Klein tunneling, which prevents the
multiple reflections needed in such an interferometer.
C. Transmission for Dirac cones in parallel
We now consider zero-energy transmission across SGB
with lateral Dirac cones corresponding to θ = π/2 (see
Fig. 2(b)). Solving the set of equations (14) for ∆(α, pi2 ),
one gets the following expression for the transmission am-
plitude:
8t =
2ikFLxsinhc(αLx) cosh (kyLx)[1− ( αkF )2 − (
ky
kF
)2 + 2 cos (αLx)
kFLxsinhc(αLx)
]
2i cos2 (αLx)− (k
2
y+α
2+ik2
F
)2L2x
k2
F
sinhc2(αLx) + 2(1− i) (k
2
y+α
2+ik2
F
)Lx
kF
sinhc(2αLx) + 2i cosh
2 (kyLx)
(18)
where we defined sinhc(αLx) ≡ sinh (αLx)αLx . Note that this
equation is similar to Eq. (15) if one substitutes sinc by
sinhc.
FIG. 8: (Color online) Contour plot of the transmission prob-
ability of the shifted bilayer with ∆(α, θ = pi
2
) as a func-
tion of the momentum shift αLx and the transverse momen-
tum kyLx. The doping of the reservoirs is taken such that
kFLx = 200.
Figure 8 shows a contour plot of the transmission prob-
ability T = |t|2 as a function of αLx and kyLx. There
are again two symmetric kyLx directions for which the
barrier is transparent. These are the two peaks of the
evanescent transmission resonances already encountered
in the case of Dirac cones in succession (see previous sec-
tion), with the difference that their angular dependence
is monotonic and does not feature oscillations (compare
Fig. 4 and Fig. 6). Also, no perfect transmission is
found for normally-incident particles, i.e electrons are al-
ways perfectly reflected for normal incidence (see Fig. 8).
In the limit of highly doped leads, the transmission coef-
ficient across shifted graphene bilayer with lateral Dirac
cones takes the following expression:
t =
2ikFLx cosh (kyLx)sinhc(αLx)
k2FL
2
xsinhc
2(αLx) + 2i cosh
2 (kyLx)
. (19)
Perfect transmission occurs for:
kyLx ≃ ln(
√
2kFLxsinhc(αLx)) (20)
This equation shows that the ky-resonance directions are
tunable by the shift α. However the angular positions of
the resonance move away one from the other as the shift
increases. The resonances found correspond to Klein-
like tunneling of massive chiral fermions and are due to
evanescent waves, as in the case of AB bilayer.
D. Transmission for an arbitrary orientation of the
Dirac cones
For completeness, we give numerical results for zero-
energy transmission probability across SGB in the case
of an arbitrary complex energy shift. We show in Fig. 9
examples of the (αLx, kyLx) contour plot of the transmis-
sion probability for four different shift energies: ∆(α, pi2 ),
∆(α, pi4 ), ∆(α,
pi
18 ) and ∆(α, 0). This figure summarizes
all the possible effects of the shift on the transmission
through the bilayer structure. As we can see, besides
the momentum shift α (the k-space distance between the
two Dirac points), the position of the Dirac points in the
momentum space, given by the parameter θ, plays an
important role in the control of the transmission prob-
ability. The case θ = 0 stands apart: two kinds of res-
onances are possible (evanescent waves or Fabry-Pe´rot)
depending on the value of the momentum shift α. As
soon as θ 6= 0, only one kind of transmission resonances
(evanescent waves) is observed.
IV. EXPERIMENTAL IMPLICATION
We turn to the discussion of the possible experimental
realization of our predictions. The zero-energy transmis-
sion resonances in the SGB structure is found to be tuned
by an interplay between the stacking defect parameters
(α, θ) and the incidence angle (ky). If the stacking of
the two layers can be controlled, it means that quantum
transport properties become tunable via a new kind of
external parameter.
As for monitoring the stacking configuration of the bi-
layer structure, we mention that producing large scale
graphene with controllable number of layers and stack-
ing order has been extensively studied. For instance,
in the case of rotationnally faulted bilayer graphene, di-
verse twisting angles have been observed in existing ex-
periments: in Ref. 6 the twisting angle is around 21.8◦
or 3.5◦. Among the already available experimental re-
sults, L. Brown et al. have reported in Ref. 31 twisting
angles of CVD grown graphene tri- and bilayer around
29◦, 24◦, 17◦, 12◦ and 5◦. Such twist angle distribu-
tion has been understood in terms of an angle-dependent
9(a) ∆(α, θ = pi
2
) = −α2 (b) ∆(α, θ = pi
4
) = iα2 (c) ∆(α, θ = pi
18
) = eipi/9α2 (d) ∆(α, θ = 0) = α2
FIG. 9: (Color online) Transmission probability T (shown as a color plot) as a function of the momentum shift αLx and the
transverse momentum kyLx (controlling the incidence angle) for four orientations of the Dirac cones: (a) θ = π/2 (lateral Dirac
cones), (b) θ = π/4, (c) θ = π/18 and (d) θ = 0 (Dirac cones in succession).
interlayer potential. The latter, together with superlu-
bricity in twisted bilayer, suggested a theoretical model
which will be helpful in providing guidelines for control-
ling the coverage distribution of bilayer graphene with
known twist angle by modifying the thermodynamic driv-
ing force and kinetics during the growth31.
Now, we move to the discussion of the possible observa-
tion of the angle-dependent transmission. Shortly after
the theoretical prediction of Klein tunneling23, several
experiments aimed at measuring some of the predicted
exotic features of electrons transmission across graphene
based devices (such as unusual lensing, Klein tunneling,
etc.). For example, Fabry-Pe´rot interferences at finite en-
ergy have been observed in conductance measurements in
both monolayer29,32,33 and bilayer33 devices. Signatures
of the preferential transmission of normally incident car-
riers have been observed indirectly in resistance measure-
ments typically done using devices with two-terminal ge-
ometries (see for example Ref. 34). Measuring magneto-
conductance across a potential barrier, Young and Kim32
were able to detect a sudden shift in Fabry-Pe´rot inter-
ferences occurring at a critical magnetic field, which can
be attributed to Klein tunneling. However, the difficulty
of explicitly measuring the angle-dependent transmission
remains. Indeed, in the two-terminal geometry of most
of these transport experiments – imposed by the small
sample size required to reach the ballistic regime –, the
conductance is obtained as an integral over the angular
dependence of the transmission probability and therefore
does not give a direct information on the angle-dependent
transmission.
Very recently, a direct but partial measurement of the
angular dependence of the transmission of Dirac electrons
across p-n junctions has been reported35. Ballistic p-
n junction devices with three arms were used: straight
and 45◦ angled. The barrier height was controlled by
a common top-gated portion shared by the three arms
so any gate-dependent angle insensitive series resistances
affects equally all arms. Using a balancing measurement
technique, the angle-dependent effect was separated out
from other angle insensitive gate dependent and device-
dependent effects. Large fluctuations in the resistance
measurements arising from Klein tunneling as a function
of gate voltage at 45◦ angle as compared to normal inci-
dence have been observed. It has been shown that the ex-
cess of fluctuation in the resistance measurements is not
other than the contributions from the angle-dependent
part of the resistance. Another partial signature of Klein
tunneling was obtained in Ref. 29 in the form of the
identification of a strong collimation effect near normal
incidence across smooth potential barriers. However, the
complete angular dependence of the transmission proba-
bility of massless Dirac electrons, which would be a direct
signature of Klein tunneling, still remains to be mea-
sured.
Transmission resonances across SGB should therefore
be accessible experimentally. The most interesting as-
pect would be to detect normal incidence Fabry-Pe´rot
resonances at zero energy and to check their strong de-
pendence on the dimensionless momentum shift αLx (see
Fig. 6).
V. CONCLUSION
In conclusion, we have investigated zero-energy trans-
mission resonances across a ballistic graphene bilayer in
a two terminal configuration as a function of a stacking
default in the bilayer (either twist, slide or strain defor-
mation). By the use of an effective two-band low-energy
Hamiltonian around a single valley – that accounts for
the presence of two Dirac mini cones in the dispersion
relation –, we have predicted two possible kinds of trans-
mission resonances that occur in shifted bilayer graphene
depending on the value of the stacking defect parame-
ter ∆ ∝ α2e2iθ. The latter is parametrized by α – cor-
responding to the mid-distance between the two Dirac
points – and θ – controlling the orientation of these Dirac
points in reciprocal space. Our key finding – occuring
when Dirac cones are hit in succession (θ = 0), at normal
10
incidence and for quantized values of the momentum shift
parameter αLx = mπ, wherem is a positive integer – is a
new kind of transmission resonances of the Fabry-Pe´rot
type. They are unique to the shifted graphene bilayer
and can be distinguished from that occurring in both
undoped graphene monolayer and undoped AB stacked
bilayer. As soon as the shift parameter α differs from
mπ/Lx, Fabry-Pe´rot resonances are suppressed in favor
of evanescent waves resonances, akin to Klein tunneling,
and taking place at incidence angles controlled by the
energy shift parameter ∆(α, θ).
The present study provides a way to modulate the elec-
tron transmission through such graphene based device. A
controllable transmission, as well as the detection of the
perfect transmission, can be realized conveniently by tun-
ing either the stacking structure and/or the incidence an-
gle. The transmission probability through the undoped
shifted graphene bilayer can be considered as a finger-
print of the stacking defect.
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